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Spontaneous learning?

We focus on a collapse of consistency for estimation

Model assumes unimodality;

the true distribution may be multimodal.

There 1s a wide class of consistent estimators

Select the optimal estimator under a fixed model

to get the information for the true distribution

Cf. Model selection



Power divergence

B-cross entropy Cp(g.f)= - %J‘ FPadu+ ﬁj Py
B-diagonal entropy Hg(f)=Cp(f, [)
Bdivergence Dp(g. /) =Cplg,f)— Hp(g)

Hill (1971), Tsallis (1988) Basu etal (1998) Minami-Eguchi (2002)

] 1}'8 P 1
U(s)= m(HﬂS) , P(1) = F; ,CU(f,g)=f —o(g)f +U(4(g))}du

=Cp(f,8)




Projective power divergence

JACY

0 Y g(x)du(x)

o
y-crossentropy  C,(g,f)= 7(7+1)I{

1 1=4] @Y du)}'” (Lebesgue L, norm, p =y +1)

y -diagonal entropy H,(f)=C,(f.f)

y-divergence D,(g./)=C,(g./)~H,(g)

Fujisawa-Eguchi (2008), Eguchi-Kato (2010)



Three properties

Ce.0)= -] () eau

1. linearity C,(ag+ph, f)=aC,(g, [)+BC,(h[)
2. scale invariance (' (g,Af)=C,(g,f) (VA>0)

3. lower bound C, (g f)zH,(g) or D,(g,f)z0




Characterization

Thm: Let  F(g,N)=®([p()) [ w(e
If F satisfies
(i) F(gAN=F(gf) (V2>0)
(i) Fr(g.f)=21(g.8)

then there isa constant y suct that £'(g, /)= C,(g, /)

Remark: I (@(Y), p(/)w (/) =(¥ 77, 17 17,

-7
then £ (g, /)= ([ f(0)7dx) ™ [ f7g=C,(g. /)



y»-power divergence geometry

For amodel M = {f,(x):6 € O}

v-powermetric  G'®)=3[ 225 (Y o
7 -power connection pair () o)1 a?;afg aagk(|§g|) ;
el 60?;9 G
S-power metric 6P 6) = p’j 21;9 5599]
B -power connection pair r;ﬁ,z(e):%j a‘;ggj ag% d
O %] g{;i ;;%} du



y-estimation

Parametric model M ={f,(x): 00 }

z(fe(“)

y-power loss function L},(H) — _

WH) I fyl
y-estimator é}, = argmin L, (0)
e ©

f-power loss function 7 4(0) = _nlﬁzf(x“g)ﬁ L]

[-estimator 63[3 = argmin /(&)
He ©



Consistency

If xq,...,x,

11

where 0, =argmin C, (g, f(-0))
0e®

_then 6, — 0
dg(x) en 0, — O

If g(x) = f(x,0), then 6, =6
because C,(f(-0), /(-6 ) > H,((-0))

If Xps X, ~ f(x,0), then 0, — 0
11d as

11

Cf. Wald (1947), White (1982)




y-estimating function

estimating function y S y
s g e, (x,0) = fo(x) Sp(x) T E; (fo' So)

S-estimating function e ﬁ(x, 0) = fe(x)ﬁ So(x)—E( f@ﬂ Sp)

Asymptotic variance

vary (6,) = (%7 )

)} Var(e 7/)

06"

Note: =0 = eg(x,0)=Sy(x); y=0 = e,(x,0)=5y(x)

Forany y #0, 6, is ineffecient relative to MLE (Also éﬁ)

10



Relative efficiency for yestimator
Normal mean model f(x,8)= (27r)_a”2 exp{—;(x—H)T(x—H)}, xeR?

det(vary (Byyr)) 1
det(varA(éy)) -

Relative efficiency ~ Reff = — <1

2 “d4r=
(1 + 2?/+1) :

1.0

08

I\

04

d=2,y=2 = Reff=0309

Reff

02t ey

0.5 10 15 20 25 30
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y-estimator for normal mean

n
y-loss function L,(0)x—> f(x:.,0) for normal mean model
i1

O 0o Y (0 Y (,—0) =0
a0 i=1

) : OV x
9,, is a weighted mean : 9y=z{f (x;,0,)}" x;

> {f(x;.0,)}

Iteratively reweighted mean

D AS(x.0)Y x;
<_
D> {f(x,0)Y

Bl‘-l-l Starting from éo = éMLE

Note: f-estimator éﬁ IS the same as j-estimator éj,

12



y -estimator for normal mean and variance

1

Normal model M ={ f(x,0,V)=det(2zV) 2 exp{—;(x —0) ' vl (x-0)

- 1 @) ¢ e
v-loss function L,0.V)= - y(; fi)dﬂ Zdet(V) 241 £(x,,0,V)
i=1

y-estimator o - 24 (xz'ﬁ;:»V;:)}yxz
! z{f(xiseyaVy)}y

b _ D0, P (5 -0,)(x - 0)
4 > (x.0,.V,)Y

Note: f-estimator Vﬂ has not such a weighted expression

13



Influence function of y-estimator

y-estimator functional 8,(g)=argmin C, (g, fp)
0cO
g-contamination model g:(x)=(1-¢)f(x,0)+e5(x)
0(x) 1s Dirac delta function
Influence function IF(x) = aié”(gg) —o= f(x,0)” (x-0)
&

ITECx) |

14



Influence functions

: T x?
v-weight xe 2
Median weight sgn(x)

Huber’s weight X_e o) (X)+ el o) (X) — €L (_gp oy (X)

Tukey’s biweight — x(1-x7/¢*)*[j_ (%)

Gamma Huber

04 m

02}

Median
Tukey

15




Robustness

N([).1)
X1
true value (0, 0) (0, 0) + outlying (6,6)
maximum likelihood (-0.0738, 0.0065)  (—0.1082, 0.1612)
median (0.0260,-0.0606) (0.0166,—0.0241)

y—estimator (y=1)  (-0.0192,0.0279)  (=0.0192, 0.0279)

16



Super robustness

N([81.1)
true value (0, 0) (0, 0)+more outlying (6,6)
maximum likelihood (0.0067, -0.0196)  (1.93068, 1.76655)
median (-0.06663, 0.0429)  (0.56484, 0.399286)

y-estimator (y=1) (0.01069, 0.01595) (0.01069, 0.01595)
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Convex Learning

Lo(u) = %Z(x,- — )" (x; = p)
i=1

1 n
L(p) ==l x;i—plly,
=

1.93
MLE {1.76]

18



Non-convex learning

Ly (ﬂ) - =

/4 T
1 1 i _E(xi_/u) (=)

y(y+1) 1 4
i=1

19



A data plot
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Five-mixture

Deta set {x;}'_; follows a data density

px) =Lg(x, | )+ e | 2+ Lot | % D Lo | TP b | 2

4,
o'.’c : A a ‘,o °° o:.Q.‘; :...... ’
" ° Q oo % 2*‘.. - ° 'O o" % °
0'.“ o. ° & ° ° % °® oo
I WAL PLI T P
. " :..'0 ... 70.. ; .. -' ° o .o ° .
’e . °* % ° e o0 o
4 2 e .a i k. 27 4
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Plot of y-loss

6, = {-0.6040, 0.4878},
6,=1{2.095, 1.846,
6= {-1.595,-2.028},
6,={-1.437,1.287},
6.={1.268,-1.277},

Loss =
Loss =
Loss =
Loss =
Loss =

—0.4576
—0.4584
—0.4575
—0.4576
—0.4584
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Detecting hidden structure!

™
(Q\




Cluster Number = 5

24



Clustering algorithm

" (o))
IRM : ; i ; -
R S T WY
Step 1 Flnd ﬂl (ﬂ ”ML

Step 2.

Find u, M My, forz=>1

where p, =argmax{ min || g—u, | : pe {x,
I<s<t

Repeat until gy € {py, -, py i

Xy}

Cf. k-means, model-based

25



Starting from MLE

26



Variance adapt

v-loss function

1

~det(2) 7 3 exp{ ] (6= 1) 27 (x - )}

i=1

L)/(xu :Z) -~

IRV (%) Z « 1+ w(uZ)x,—p) 27 (x,—p)
i=1
f(xiuuﬂz)y
Z f(xiﬂﬂaz)y

with weights w,(u,X) =

,/<:t___&:~><_r_§
(@R

27



7 X 7 modes

g() = X3 exp{— (x— ) (x )}

28



~ 129

Expected case




Trace of IRM

TTILLL
1900000

Scalable -!
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Why spontaneous data learning?

We just estimate a normal mean adopting y-estimator

The y-loss function becomes nonconvex if data distribution
Is multimodal, and y is selected between 1 and 3.

Local minima correspond to cluster centers if y is adaptively
selected, for example K-fold cross validation, information criterion.

31



Difference of convex functions

y—loss function log{-L,(4)} = 10gzexp{—g (x; — )" (x;— p)} + const
i1
n

T T

yX; H—X; X,
_ AN AT
—log(.§_,e )-Su

7 7 _ 7

Hessian  —O—log {3 1IN X =)'
oo’ i=1
where w,(p)= LB 4o S (ax,
S f(x,.m)

Cf. CCCP, Yuille & Rangarajan (2002), An & Tao (2005)
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Difference of convex functions

n Tg_ 7V .T
yx; 0-"-x; x;

log{) e
i=1

2 } g 0'0 difference

K a.s. K _lL(g_ak)T(a_Hk)
Rem If {x;}~ > mN(6;.,1), then L, (0) — > me 27"
k=1 k=1

a.s. _1L(0_0 )T(0—0 )
If {xi}"‘N(H(),]), then Ly(g) — ¢ 2 7+l 0 0

33



Convexity depending on data

——xTx

h }/x-TB 7 X x,
8 log {Ze I3 2 13 1 }
i=1

7 pT
6 _399

n xfo-Lxl

X V=X X;
log{) ¢ 27 =700

i=1

two local minima

v—loss function suggests local minima as centers of clusters
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Why spontaneous data learning?

Why difference of convex functions?

| like to elucidate the reason why SDL occur

In information geometric understandings
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Max y-entropy

1
y-diagonal entropy H,(g)= ( J' g(x) dx) )

Equal mean space F(pu,2)={f(x) E,(X)=pV,(X)=2"}
Max y-entropy J,(pX) = argmax H,(f)
feF(ux)
1 7
7 -model () =c, det@aX) 2 {1-5p(x—p) I\ (x—p) },

y =-0.3 (t-distribution) y =0 (normal) y =2 (Wigner)

36



y-estimator on y-model

Let (xp,...,x,) be ud from f, (-, 1,2%)
1y

L 1 _
-loss function L, (%) = 3 det(®) > {1-2y(x - ) 37 (x4~ )}
i=l

(x,§)=argmin L, (u,2) Vy> 2
d+2
(1,X)

L, (1.3)~L,(%.8) = Dy (fr 5 f3) 2 0

Let g, be alocation-scale family.

The y-estimator for (1,2) Is the sample mean and
sample variance if and only If g 5 Is the y-model.

Cf. Teicher (1961)
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Pythagoras foliation

Leaf] F(X,5)={g: E (X)=X, var(X) =S}
g

fy('afss)

1,(.0) J
Leaf M={/,(.0):0€R"}
Loss decomposition L,(0)-L,(x,8)=D,(f,(~X,S), f,(-0))

{Pythagorian triangle}  (J#(9)
9<R? 38



(y-estimator , y’-model)

model
0-model y-model
loss function
O-loss (x, ) M-estimator
MLE
X, S
»-10SS Spontaneous (x, S)

Data learning

y-estimator

39



Break for Pythagoras foliation arises SDL

Leaf) F(x,5)={g: E (X)=Xx, var(X)=S}

g

£, (,%.8)

fy ('a 0)

_ o -d/2 T . d
Leaf M:{fy(.,g):geRd} My={fo(x,0):=27) " “exp{-(x—0) (x—0)/2}: 0 e R" }

Fivelocal minimaof L,(0)

40



What justification for SDL?

SDL is a result from nonconvex learning,

cf. CCCP, Yuille & Rangarajan (2002), An & Tao (2005)

SDL is led to by a break of canonical duality between

statistical model and estimation

| like to elucidate a statistical justification for SDL

41



The break reveals the true distribution?

K
Let Xq,...,X] ~ g(x) = 27[ 9(x,0;,1) (normal mixture)
=1
J < y+1
Then -L,(0) —> E{-L,(0)}=) 7,4(0,0 o)

—4

112

a.s.
Ingeneral n— w0, y—> o = -L(0) > g0)?

42



v-loss for location model

A location model M={h(x—0):0cR?}

7 " h(x; —0)”
v-loss function L) = _% (x; : )
= [ Ay dy

Note that — L, »(0) can be viewed as a density sincej. ~L ,(0)do =1

Semi-circle distribution A(x)=I(x* <1) (1-x%)

S e AN N Ry =1,3,10,15,30)
"/{ / | oa _ AN \\"\
;.f" o2 \l"
L - :

power



¥ -loss as a density estimator

44



Nonparametric consistency

Theorem Let g(x) be a true density function.
We assume :  A(x)< h(0)if x#0
Then lim E{L,(0)} =—g(0)

y >

Proof.

4
E{L,(0)}= [ v, (0~ y)g(y)dy. where p,(x) =)

[ h(py dy

[w,(0-pe»dy — [5(0-p)gy)dy=g(®)

y—>®©

( Dirac’s delta function o).

45



Mean Integrated Square Error

Theorem. We assume: Ja strictly decreasing function 7(s) for s >0

such that 2(x)=7n(| x|).

: [ h(y)Y d
Then  MISE, =— j ue(CE g(y))}z :l (.'hiy;’d ;2
yY dy

y
T h(y) dy

Kernel density estimator ~ £5,(x) = ZK((x x;)/ h)
1

If A(x) and K(x) are normal, then L (x) =—g,(x) with h=y 2

Ingeneral A, = n @) of Parzen (1962), Li- Racine(2004)
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Semicircle distributions

A location model M ={h(x-0):0cR"}

cP{I= | xll b if <1

L, semicircle distribution ;M (x)=
0 otherwise

cg,z)(l—xTx) if xIx <1,

L, semicircle distribution ;2 (y) = T
0  otherwise. i /( -/

where ¢’ and ¢ are normalizing constants.
Rem.

The supportof /#?is a d - dimesional hypershere S d
the support of hY isa d - dimensional hypercube C,.

Sq < Cy
vol(C,) d297'(d/2)  d—sw
Vi = = > 00
vol(S,) 792
d=10,15= r; =401, 85905 Cf. curse of dimensionality
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Mean Integrated Square Error

Theorem.

Let MISE, (/) be the mean integrated square error of L, (x) with 2(x).

d

MISE (h<2>)_ j{tr(azg(y))}zdy + l )2
der

(1) ZL 1 Pg(»\12 1,7\a
MISE, (h") ™ (kZ:lkz)j (CE a + (%)

48



Kernel density estimator

A location model M={h(x—-0):0¢ R }

n Y
y-loss function L0 = _% 3 h(x; - 0)
= [n(y) dy

. : A 1« | X=X
kernel density estimator ~ &,(x) = - Z h( P )

d
i1 0
Semi-circle distribution h(x)=I1(x*<1) (1-x?%)
{h(x)”: y=1,3,10,15,30} {th(x/b): b=1,0.8,0.6,0.3,0.1}
AR\ : [N
\\ ‘ [ 1TL .‘ | ‘a.‘
f 4': I‘I 0 | ;‘ ‘.“'
[ [ Tk [ | |
L L

power bandwidth



Density

Skew normal distribution

2 _
Skew normal distribution f(x,7,0,a) = p ¢(xw T)CD(a'

] _
Normal distribution f(x,7,0,0)= > ¢(xa) z')

Parameter of interests
xelR

L!G?o

140 ¢ 07 e

X—7
Q

O(t,w,a) =argmax f(x,7,m,Q)

)

Japanese income data

50



Estimation for a mode @

MLE under skew normal
Oy = O0(7,0,a),where7,®,a are MLEs for 7, m, a.
y-estimator under normal

A n

0, =argmin L, (0) where L,(0)= —Zexp{—g(x,- —0)*}
fcO i=l1
MSE
1l - | _ 060 80 00 00 00 001
MSE(QMLﬂg)_n](Q) +O(n ) Where ](9)_((%’aa)’aa)](r’a)’a)(ar’aa)’aa)

IR 2 L yar( KO- XY
MSE(6,,6) = (B0~ X))~ [(0.r.0.0F + Var ([P0 )

MSE(@ML, 0) < MSE(é},, @) for sufficiently large »
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0.05

0.04

0.02

Trade between bias and variance

True values (7,w,a)=1(0.5,0.5,2.5) 6=-0.248, n=20

variance

0.061

'0.060

MSE = (bias)2 + variance
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Simulation study

True distribution ,
f(x,79,@0,@0) = G=d(=5) D (g X;O“))

(7o, @0,0) = (0.5,0.5,2.5) 6, =-0.248

sample size oL 0, X
n=20 2.35514 1.32099 2.02219
n=>50 1.41589 0.896704 1.67111

n =200 0.248097 0.459803 1.48877



ML has also SDL?

model
loss O-model y-model

O-loss (f, S) M-estimator
y-loss SDL (x, )
- ;
y-model f(x.0.)=c,{1-2y(x-0)" (x-0) },

log likelihood ~ Lo(8) =) log f,(x;,0,1)
i=1

%Lo(e) =2 /,(x.,0,1)7(x; - 0)
i=1

Rem If we assume normality, take ¥ <0, then the log likelihood

for y—model has (weak) SDL.



MLE for Cauchy location model

1 1

Cauchy location model f(x,@):;lﬂx_m2 (-0 <x <)

Log-likelihood function L(H):—anlog{l+(xi—6’)2} if {x;}2 ~ f(x,0)
i=1 1

Likelihood equation %L(Q):if(xbg)(e_xi) o
i=1
. O )X
Maximum likelihood PR IRAC L U
Z S (x;,6001)
Fixed-point iteration b, - 2 f(xfﬁi)xi
Z J(x;,6,)

Reeds, Asymptotic number of roots of Cauchy location likelihood equations.
Ann. Statist. (1985), 775-784.
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Weak SDL

Expected log-likelihood function
Lo(60) = E(log{l+ (X —0)*}) =— [ log{l +(x - 0)*}g(x)dx if X~ g(x)

Case 1: true distribution is a normal \
Ly(6)

7@

g(x)~N(0,1)

N

=0
Case 2: true distribution is a normal mixture

g(x)~; N, )+, N(71)+ , N(14,1) + ; N(2L])
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SDL Is from the break of max-entropy

model
loss O-model y-model

O-loss (3_59 S) M-estimator

y-loss |y-estimator| (X, .S)

(y—model, y—estimator) leads to a canonical statistics

(0 —model, y—estimator) leads to strong SDL if y >0
(y—model, MLE) leads to weak SDLify < 0



Estimator selection vs model selection

Fix amodel M = {f, : 6 € ®}, find a good estimator in { éa, cwe Q)

Fix a loglikelihood L(M) =) log f4(x;), find a good model in {M };

< (f2) M

I(f)={geT;:0()=0(f)}
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Future work

Kernel density estimator vs. power entropy density estimator

The curse of dimensionality? cf. Huber (1985)

Informative incomplete data

The MLE has a fragile property under selective samples.

What about the y-estimator ? Any robustness selection bias?
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Tnavk yovu!



